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A general method for finding the compositional
inverses of permutations from the AGW criterion
Tailin Niu, Kangquan Li, Longjiang Qu and Qiang Wang
Abstract
Permutation polynomials and their compositional inverses have wide applications in cryptography, coding
theory, and combinatorial designs. Motivated by several previous results on finding compositional inverses
of permutation polynomials of different forms, we propose a unified approach to find these inverses of
permutation polynomials constructed by the AGW criterion [2].
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1. INTRODUCTION
Let q be a prime power and Fq be the finite field with q elements. We call a polynomial f(x) ∈ Fq[x]
a permutation polynomial (PP) when the evaluation map f : a 7→ f(a) is a bijection. Note that we may
assume each polynomial defined over Fq has degree at most q − 1 because x
q = x for each x ∈ Fq. The
unique polynomial f−1(x) over Fq such that f ◦ f
−1 = f−1 ◦ f = I is called the compositional inverse
of f(x), where I denotes the identity map. Furthermore, if a PP f satisfies f ◦ f = I , then f is called an
involution. That is, an involution is a PP whose compositional inverse is itself. Because PPs play important
roles in finite field theory and they have broad applications in coding theory, combinatorial designs, and
cryptography [3, 8–13, 16, 27, 30, 32], the construction of PPs over finite fields has attracted a lot of
attention. For recent surveys on constructing PPs, we refer the reader to [17], [26, Section 5], [31] and [42,
Section 5].
In 2011, Akbary et al. proposed a useful method called the AGW criterion for constructing PPs [2]. It
not only provided a unified explanation for many earlier constructions, but also motivated more researchers
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2to construct new classes of PPs. The multiplicative form of the AGW criterion, which was independently
obtained by several authors earlier [34, 38, 55], was used frequently in literature to study PPs of the form
xrh(x(q−1)/ℓ) over Fq where ℓ | (q − 1). For example, many constructions of PPs of the form x
rh(xq−1)
over Fq2 were obtained in [4, 15, 19, 20, 24, 25, 35, 46, 47, 49]. Using the AGW criterion twice, Li et
al. [21] characterized PPs of the form xrh
(
xq−1
)
over Fq2 , where h(x) ∈ Fq[x] is arbitrary. Other forms
of the AGW criterion were also studied extensively in order to construct more new classes of PPs. See for
example [4, 14, 23, 28, 48] and references therein. In particular, using the AGW criterion both in additive
and multiplicative forms, Zheng et al. [53] constructed large classes of PPs of the form (axq + bx +
c)rφ((axq + bx+ c)s) + uxq + vx of Fq2 . For the sake of convenience, when a PP is constructed using the
AGW criterion or it can be interpreted by the AGW criterion, we call it an AGW-PP.
Explicitly determining the compositional inverse of a PP is useful because both a PP and its inverse are
required in many applications. For example, during the decryption process in a cryptographic algorithm
with SPN structure, the compositional inverse of the S-box plays an essential role. Sometimes, involutions
have more advantages because the implementation of the compositional inverse does not require additional
resources, which is particularly useful (as part of a block cipher) in devices with limited resources [6, 50].
In general, it is difficult to obtain the explicit compositional inverse of a random PP, except several well
known classes of PPs such as linear polynomials, monomials, and Dickson polynomials. One could directly
use the Lagrange interpolation formula, but for large finite fields (the useful cases cryptographically) this
becomes very inefficient. In recent years, compositional inverses of several classes of PPs of special forms
have been obtained in explicit or implicit forms; see [7, 22, 36, 37, 41, 43, 45, 50, 52, 54] for more details.
A short survey on this topic can be found in [54].
Our general method for computing compositional inverses of AGW-PPs is inspired by many recent results
below. Firstly in [45], Wu et al. considered the compositional inverse of a class of bilinearized PPs, i.e.,
f(x) = x
(
L(Trqn/q(x)) + aTrqn/q(x) + ax
)
, where q is even, n is odd, L is linearized, and Trqn/q(·) : x→∑n−1
i=0 x
qi denotes the trace function from Fqn to Fq. The idea of Wu et al. is to decompose Fqn into the
direct sum Fq ⊕ ker(Trqn/q) thereby converting the problem of computing the inverse of f into computing
two inverses of two bijections permuting Fq and ker(Trqn/q), respectively. In [36], Tuxanidy and Wang
extended this useful idea and focused on more general classes of PPs constructed by the AGW criterion
in the additive form (see Example 1). A key step in their generalization is to extend Trqn/q into arbitrary
linearized polynomials λ and consider the map φ : Fqn → λ (Fqn)⊕Sλ, where Sλ = {x− λ(x)|x ∈ Fqn} is
a subspace of Fqn . In other words, they converted the problem of computing the inverse of a PP over Fq into
that of computing two inverses of two other bijections over the subspaces λ (Fqn) and Sλ, respectively. Further
extensions of [36] can be found in [37]. For PPs constructed by the AGW criterion in the multiplicative
form, Li et al. [22] explicitly computed the compositional inverse of a PP of the form xrh (xs) over Fq in
an analogous way, where s | (q − 1) and gcd(r, q−1) = 1. A similar method also was used in [33] recently.
The common idea in [22, 33, 36, 43, 45] is to transform the problem of computing compositional inverses
of PPs into that of finding compositional inverses of two other bijections over smaller sets. Since those
3PPs whose compositional inverses were obtained in [22, 33, 36] are classes of AGW-PPs and there are also
many other types of AGW-PPs whose compositional inverses are still unknown up to now, this motivates
us to propose a general method (see Theorem 2.2) to find their compositional inverses. We remark that the
degree of our inverses might be higher than q − 1 because we present the inverse polynomials in terms of
compositions.
For any given AGW-PP f satisfying λ◦f = g ◦λ (see Lemma 2.1), we can construct two other mappings
η, η such that η ◦ f = τ ◦ η and the mappings φ = (λ, η) and φ = (λ, η) are bijections from A to a pair
of two other sets φ(A) and φ(A) respectively. Then we have the following commutative diagram and the
inverse f−1 = φ−1 ◦ ψ−1 ◦ φ can be obtained by inverting φ and ψ = (g, τ).
A
f
//
φ=(λ,η)

A
φ=(λ,η)

φ(A)
ψ=(g,τ)
// φ(A)
Generally speaking, there are three types of AGW-PPs (multiplicative, additive, and combinatorial) which
are classified based on the property of λ and λ. The classes studied by Li et al. [22] and Niu et al. [33]
belong to the multiplicative case, while the classes studied by Wu [43, 45] and Tuxanidy et al. [36, 37]
belong to the additive case. Our general method inteprets all these recent results and provides a recipe to
find compositional inverses of more classes of AGW-PPs.
The rest of this paper is organized as follows. In Section 2, we present this unified method to find
compositional inverses of AGW-PPs. As applications, we explicitly compute the compositional inverses of
five classes of AGW-PPs. These results are divided into multiplicative, additive and combinatorial cases,
which are in Sections 3, 4 and 5 respectively.
2. THE UNIFIED METHOD
In this section, we present our new method to find the compositional inverses of AGW-PPs. For the sake
of convenience, we recall the following lemma.
Lemma 2.1. ([2, Lemma 1.2], the AGW Criterion) Let A,S, and S be finite sets with #S = #S, and let
f : A → A, g : S → S, λ : A → S and λ : A → S be maps such that λ¯ ◦ f = g ◦ λ. If both λ and λ¯ are
surjective, then the following statements are equivalent:
(1) f is a bijection and
(2) g is a bijection from S to S and f is injective on λ−1(s) for each s ∈ S.
The AGW criterion can be illustrated in a commutative diagram.
A
f
//
λ

A
λ

S
g
// S
4Since λ and λ are surjective (normally it is not bijective), one can not simply obtain the compositional
inverse of f by inverting λ, λ and g. However, we can construct some other useful mappings, i.e., η and η,
so that φ = (λ, η), φ = (λ, η) become bijective functions from A to some subsets of A×A in the following
commutative diagram.
A
f
//
φ=(λ,η)

A
φ=(λ,η)

φ(A)
ψ=(g,τ)
// φ(A)
Then the inverse of f can be obtained as f−1 = φ−1 ◦ ψ−1 ◦ φ . In summary, we have the following
result.
Theorem 2.2. Let A be a finite set and f : A → A, φ = (λ, η) : A → φ(A) ⊆ A × A, φ = (λ, η) : A →
φ(A) ⊆ A × A and ψ = (g, τ) : φ(A) → φ(A) be maps such that φ¯ ◦ f = ψ ◦ φ. Assume both φ, φ¯ are
bijective, and φ−1, φ¯−1 denote their compositional inverses respectively. Then f is bijective if and only if
ψ is bijective. Furthermore, if ψ is bijective and its compositional inverse is denoted by ψ−1, then
f−1 = φ−1 ◦ ψ−1 ◦ φ¯
is the compositional inverse of f on A.
Proof. Since φ¯◦f = ψ◦φ and both φ, φ¯ are bijective, f is bijective if and only if ψ is bijective. Furthermore,
if ψ is bijective, we obtain
f = φ¯−1 ◦ ψ ◦ φ
and thus the compositional inverse of f on A is
f−1 = φ−1 ◦ ψ−1 ◦ φ¯.
In fact, we prefer to find simple mappings η and η so that the inverse φ = (λ, η) can be obtained easily, then
the problem of finding the compositional inverse of f can be reduced to that of finding the compositional
inverse of ψ(g, τ). Indeed, in [36, 43], f is additive, η(x) = x − λ(x) and η(x) = x − λ(x) and thus
φ = (λ, η), φ = (λ, η) are both bijective. In this case, φ−1(λ(x), η(x)) = λ(x)+η(x). On the other hand, in
the multiplicative case that was considered in [22], we can take η(x) = x/λ(x) and η(x) = x/λ(x). Natually
φ = (λ, η), φ = (λ, η) are both bijective and the inverse of φ is simply φ−1(λ(x), η(x)) = λ(x)η(x).
We illustrate our approach by demonstrating these known results within our framework.
Example 1. [36, Theorem 1.2] Let
(1) A = Fqn;
5(2) f(x) = h(ψ0(x))ϕ0(x) + g0(ψ0(x)) permute F
n
q , where additive polynomials φ0, ψ0 ∈ Fqn[x], q-
polynomial ψ0 satisfying ϕ0 ◦ ψ0 = ψ0 ◦ ϕ0 and |ψ0 (Eqn)| =
∣∣ψ0 (Eqn)∣∣, and polynomial h ∈ Fqn [x]
such that h (ψ0 (Fqn)) ⊆ Fq\{0};
(3) φ(x) = φψ0 (x) = (ψ0(x), x− ψ0(x)), φ = φψ0 (x) =
(
ψ0(x), x− ψ0(x)
)
in [36, Lemma 2.10];
(4) φ(A) = φψ0 (Fqn) , φ(A) = φψ0 (Fqn);
(5) ψ(y, z) =
(
h(y)ϕ0(y) + ψ0(g0(y)), h(y)ϕ0(z) + g0(y)− ψ0(g0(y))
)
; and
(6) Assume that |Sψ0 | =
∣∣∣Sψ0
∣∣∣ and ker(ϕ0) ∩ ψ0 (Sψ0) = {0}. Then ϕ0 induces a bijection from Sψ0 to
Sψ0 . Let f
−1
and ϕ−10
∣∣
Sψ0
∈ Fqn [x] induce the inverses of f
∣∣
ψ0(Fqn )
(x) = h(x)ϕ0(x) +ψ0(g0(x)) and
ϕ0|Sψ0 respectively,
Then it follows from Theorem 2.2 that the compositional inverse of f(x) is given by
f−1(x) = f
−1
(ψ0(x)) + ϕ
−1
0
∣∣
Sψ0

x− ψ0(x)− g0
(
f
−1
(ψ0(x))
)
+ ψ0
(
g0
(
f
−1
(ψ0(x))
))
h
(
f
−1
(ψ0(x))
)


Example 2. [45, Theorem 2.3] Let
(1) A = Fqn , where q is even and n is odd;
(2) f(x) = x(L(Trqn/q(x)) + aTrqn/q(x) + ax) permute Fqn , where xL(x) is a bilinear PP over Fq for a
linearized polynomial L(x) ∈ Fq[x], a ∈ F
∗
q;
(3) φ(x) = φ(x) =
(
Trqn/q(x), x+Trqn/q(x)
)
;
(4) φ(A) = φ(A) = Fq ⊕ ker Trqn/q;
(5) ψ(y, z) =
(
yL(y), az2 + (L(y) + ay)z
)
; and
(6) Let q = 2m for a positive integer m. Assume the compositional inverse of xL(x) is g0(x) ∈ Fq[x].
Then it follows from Theorem 2.2 that the compositional inverse of f(x) is
f−1(x) = a2
m−1−1x2
nm−1
+

g0(Trqn/q(x)) + a2m−1−1
n−1
2∑
k=1
x2
(2k−1)m−1


·
(
Trqn/q(x)
g0(Trqn/q(x))
+ ag0(Trqn/q(x))
)q−1
+
m−2∑
j=0
a2
j−1
(
Trqn/q(x)
g0(Trqn/q(x))
+ ag0(Trqn/q(x))
)2m−2j+1 
n−1
2∑
k=0
xq
2k


2j
.
Example 3. [22, Theorem 2.3] We take
(1) A = Fq;
(2) f(x) = xrh (xs) permutes Fq, where s | (q − 1), gcd(r, q − 1) = 1 and h(0) 6= 0;
(3) φ(x) = φ(x) = (xq−s, xs);
(4) φ(A) = φ(A);
6(5) ψ(y, z) = (yrh(z)q−s, zrh(z)s); and
(6) Let l(x) be the compositional inverse of g(x) = xrh(x)s over µ q−1
s
=
{
x ∈ F∗q : x
q−1
s = 1
}
and r′ be
an integer which satisfies rr′ ≡ 1 (mod q − 1).
Then it follows from Theorem 2.2 that
f−1(x) =
(
α(x)h(l(β(x)))s−1
)r′
l(β(x))
is the compositional inverse of f(x), where α(x) = xq−s and β(x) = xs.
Example 4. [33, Theorem 3.7] Assume that
(1) A = Fqm;
(2) f(x) = g
(
xq
i
− x+ δ
)
+ cx ∈ Fqm [x] permutes Fqm , where q is a prime power, m, i be positive
integers with 1 ≤ i ≤ m− 1, ℓ = gcd(i,m), c ∈ F∗qℓ and g(x) ∈ Fqm [x]. Then h(x) = g(x)
qi − g(x) +
cx+ (1− c)δ ∈ Fqm [x] permutes Fqm (see [51, Proposition 3]), where δ ∈ Fqm .
(3) φ(x) = φ(x) =
(
−xq
i
, xq
i
− x+ δ
)
;
(4) φ(A) = φ(A);
(5) ψ(y, z) =
(
cq
i
y − g(z)q
i
, h(z)
)
; and
(6) Assume H(x) is the compositional inverse of h(x).
Then it follows from Theorem 2.2 that, for any δ ∈ Fqm , the compositional inverse of f(x) is
f−1(x) = c−1xq
i
− c−1g
(
H(xq
i
− x+ δ)
)qi
−H(xq
i
− x+ δ) + δ.
Note that we have η(x) = η(x) = −λ(x) − x + δ in Example 4, which is different from other three
examples. In fact, our method provides a possibility to compute the compositional inverses of all AGW-PPs
and the process can be summarize as follows:
(1) Design η and η such that φ = (λ, η) and φ = (λ, η) are both bijective, and compute the compositional
inverse φ−1 of φ.
(2) Compute the unique expression of ψ such that ψ ◦ φ = φ ◦ f .
(3) Compute the compositional inverses ψ−1 of ψ.
(4) Obtain the compositional inverse f−1 of f by Theorem 2.2, i.e., f−1 = φ−1 ◦ ψ−1 ◦ φ¯.
As in the AGW criterion, a key step is to design nice classes of η and η satisfying the required properties.
In the following we provide two new results which generalize the choices of η and η in Examples 1-3.
Corollary 2.3. Let A be a finite set, and f, φ = (λ, η), φ = (λ, η), ψ = (g, τ) be maps defined as in Theorem
2.2. We assume η(x) = P (x)−λ(x), η(x) = P (x)−λ(x) such that φ¯◦f = ψ ◦φ, where P (x) permutes A.
Then both φ, φ¯ are bijective, and φ−1(y, z) = P−1(y+z), φ¯−1(α, β) = P−1(α+β) are their compositional
inverses respectively. Then f is bijective if and only if ψ is bijective. Furthermore, if both g, ψ are bijective
7and their compositional inverses are respectively denoted by g−1(α), ψ−1(α, β) =
(
g−1(α),M((α, β))
)
,
where M((α, β)) : Im(φ)→ Im(η), then
f−1(x) = P−1
(
g−1(λ(x)) +M((λ(x), P (x) − λ(x)))
)
is the compositional inverse of f on A.
Corollary 2.4. Let A be a finite set, and f, φ = (λ, η), φ = (λ, η), ψ = (g, τ) be maps defined as in
Theorem 2.2, such that λ(x) 6= 0 for any x ∈ A. We assume η(x) = P
(
x
λ(x)
)
, η(x) = P
(
x
λ(x)
)
such
that φ¯ ◦ f = ψ ◦ φ, where P (x) permutes A. Then both φ, φ¯ are bijective, and φ−1(y, z) = yP−1(z),
φ¯−1(α, β) = αP−1(β) are their compositional inverses respectively. Then f is bijective if and only if ψ is
bijective. Furthermore, if both g, ψ are bijective and their compositional inverses are respectively denoted
by g−1(α), ψ−1(α, β) =
(
g−1(α),M((α, β))
)
, where M((α, β)) : Im(φ)→ Im(η), then
f−1(x) = g−1
(
λ(x)
)
P−1
(
M
(
(λ(x), P
(
x
λ(x)
)
)
))
is the compositional inverse of f on A.
We demonstrate more choices of η and η in the next few sections and explicitly compute the compositional
invereses of five more classes of AGW-PPs. In addition, we describe when they are involutions. For this
reason, we need the following lemma on involutions over finite sets, which is a direct result of [33, Proposition
2.2]:
Lemma 2.5. Let A and S be finite sets, and let f : A→ A, g : S → S, λ : A→ S be maps such that λ is
surjective and λ ◦ f = g ◦ λ. Assume f is an involution on A. Then g is an involution on S.
Since g being involutory is necessary for f being involutory, we always assume g is an involution when
we consider when f is involutory.
3. COMPOSITIONAL INVERSES OF AGW-PPS IN THE MULTIPLICATIVE CASE
It is well known that each PP over a finite field Fq can be transformed to a PP of the form f(x) = x
rh(xs),
where s | (q − 1) and h(x) ∈ Fq[x]; see [1, 40]. The following result was discovered independently by
several authors, and we want to point it out that it is actually the multiplicative case of the AGW criterion.
Lemma 3.1. [34, Theorem 2.3] [38, Theorem 1] [55, Lemma 2.1] Let q be a prime power and f(x) =
xrh (xs) ∈ Fq[x], where s | (q − 1) and ℓ =
q−1
s . Then f(x) permutes Fq if and only if
(1) gcd (r, s) = 1 and
(2) g(x) = xrh(x)s permutes µℓ, where µℓ =
{
x ∈ F∗q | x
ℓ = 1
}
.
For any s | (q − 1), by Lemma 3.1, the key point to determine the permutation property of f(x) = xrh (xs)
over Fq is to consider whether g(x) = x
rh(x)s permutes µℓ or not. It should be noted that g(x) is always
8restricted over µℓ. Also we always assume that h(x) 6= 0 for any x ∈ µℓ. Otherwise, it is easy to see that
f(x) = xrh(xs) can not permute Fq.
Using our method introduced in Section 2, we can explicitly give the compositional inverse of a PP
f(x) = xrh(xs) in terms of the compositional inverse of g(x) = xrh(x)s. This extends an earlier result
by Li et al. in [22], who transformed the problem of computing the compositional inverse of xrh (xs)
into computing the compositional inverses of two restricted permutation mappings, where one of them is
g(x) = xrh(x)s, and the other one is xq−s. In terms of the laguange described in Theorem 2.2, they used
η = η = xq−s in order to assure that φ = φ = (xs, xq−s) is a bijection. However, their result only works
when gcd (r, q − 1) = 1. From Lemma 3.1, to assure the permutation property of f , we only need to assume
that g is bijective and gcd(r, s) = 1, instead of gcd(r, q − 1) = 1. Hence we need to find the compositional
inverse of f in terms of g with the general assumption gcd(r, s) = 1.
In this case, by the AGW criterion, we have λ(x) = λ(x) = xs. Let us take η(x) = η(x) = xr in
Theorem 2.2. Because gcd(r, s) = 1, there exist integers a and b such that as + br = 1. It is easy to
show that φ(x) = (λ(x), η(x)) = (xs, xr) is bijective and φ−1(α, β) = αaβb. Moreover, we can explicitly
determine ψ and its inverse in the following commutative diagram.
Fq
f=xrh(xs)
//
φ=(λ,η)

Fq
φ=(λ,η)

φ(Fq)
ψ=(g,τ)
// φ(Fq).
Theorem 3.2. Let f(x) = xrh (xs) defined as in Lemma 3.1 be a permutation over Fq and g
−1(x) be the
compositional inverse of g(x) = xrh(x)s over µ q−1
s
. Then the compositional inverse of f(x) in Fq[x] is
given by
f−1(x) = g−1(xs)axbh
(
g−1(xs)
)−b
,
where integers a and b satisfy as+ br = 1.
Proof. Since f(x) = xrh (xs) permutes Fq, gcd(r, s) = 1 and g(x) = x
rh(x)s permutes µ q−1
s
from Lemma
3.1. Let φ be a map defined by
φ : Fq → φ(Fq),
x 7→ (λ(x), η(x)) = (xs, xr) ,
where φ(Fq) = {(x
s, xr) | x ∈ Fq} . Clearly, there exist integers a and b satisfying as+ br = 1. Moreover,
given one element (y, z) ∈ φ(Fq), there exists x0 ∈ Fq such that y = x
s
0 and z = x
r
0. Furthermore,
yazb = xas+br0 = x0. Thus φ is a bijection and φ
−1(y, z) = yazb.
Next, we compute the expression of ψ according to ψ ◦ φ(x) = φ ◦ f(x). After simple computation,
φ ◦ f(x) =
(
xsrh(xs)s, xr
2
h(xs)r
)
. (1)
9Substituting xs and xr in Eq. (1) with y and z respectively, we obtain
ψ(y, z) : φ(Fq)→ φ(Fq),
(y, z) 7→ (yrh(y)s, zrh(y)r) .
It is clear that ψ is a bijection, since ψ ◦ φ(x) = φ ◦ f(x). Now we compute the compositional inverse
of ψ. We assume that g−1(x) is the compositional inverse of g over µ q−1
s
. For (y, z), (α, β) ∈ φ(Fq) with
ψ(y, z) = (α, β), we have 

yrh(y)s = α,
zrh(y)r = β.
Then we have
y = g−1(α).
Moreover,
zr = βh(y)−r.
Since ψ is bijective, there is a unique element θ ∈ {xr | x ∈ Fq} such that θ
r = zr = βh
(
g−1(α)
)−r
.
Hence,
ψ−1 (α, β) =
(
g−1(α), θ
)
.
The remaining problem is to determine the θ in ψ−1 (α, β). Clearly, for any given (α, β) ∈ φ(Fq), there
exists a unique x ∈ Fq such that α = x
s and β = xr. Therefore, θr = βh
(
g−1(α)
)−r
= xrh
(
g−1(xs)
)−r
.
In the following, we prove that xh
(
g−1(xs)
)−1
∈ {xr|x ∈ Fq}. Since f is a PP, there exists a unique
x0 ∈ Fq such that x = f(x0) = x
r
0h (x
s
0). Furthermore, we have
g−1(f(x0)
s) = g−1(xrs0 h(x
s
0)
s) = g−1(g(xs0)) = x
s
0.
Plugging x = xr0h (x
s
0) into xh
(
g−1(xs)
)−1
, we obtain
xh
(
g−1(xs)
)−1
= xr0h (x
s
0)h(g
−1(f(x0)
s))−1 = xr0h (x
s
0) h (x
s
0)
−1 = xr0,
which belongs to {xr|x ∈ Fq}. Thus θ = xh
(
g−1(xs)
)−1
. According to Theorem 2.2, the compositional
inverse of f(x) is
f−1(x) = φ−1 ◦ ψ−1 ◦ φ(x) = g−1(α)a · θb = g−1(xs)axbh
(
g−1(xs)
)−b
.
Hence we can obtain the explicit compositional inverse of a PP of the form f(x) = xrh(xs) on Fq
by computing the compositional inverse of g(x) = xrh(x)s on µ q−1
s
. As consequences, many explicit
compositional inverses of PPs of the form xrh(xs) given in [22] can be obtained without the assumption
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gcd (r, q − 1) = 1. We remark that an explicit expression of the compositional inverse of xrh(xs) in terms
of roots of unities was given in [39] and more generally the inverses of cyclotomic mappings was provided
in [41, Theorem 2], which provide a fast algorithmic method to calculate these compositional inverses. In
contrast, our method explores the connections between the inverses of f and g, sometimes, it can help us
to obtain simpler expression of the inverse.
In addition, we give a criterion for PPs of the form xrh(xs) being involutions.
Corollary 3.3. The PP f(x) = xrh(xs) over Fq defined as in Lemma 3.1 is an involution if and only if
(1) g(x) = xrh(x)s is involutory on µ q−1
s
and
(2) ϕ(x) = g(xs)axb−rh (g(xs))−b h(xs)−1 = 1 holds for any x ∈ F∗q , where integers a and b satisfy
as+ br = 1.
Proof. Since g(x) being involutory is necessary for f(x) being involutory by Lemma 2.5, we have g−1(x) =
g(x) on µ q−1
s
. In this case, by Theorem 3.2, f−1(x) = f(x) if and only if g(xs)axb−rh (g(xs))−b h(xs)−1 =
1.
4. COMPOSITIONAL INVERSES OF AGW-PPS IN THE ADDITIVE CASE
As demonstrated in Section 2, we can use our method to find their inverses for several classes of AGW-
PPs in the additive case. In this section, we further illustrate our method by providing explicit compositional
inverses of a few more classes of AGW-PPs of this type. These PPs are of the form g(x) + g0(λ(x)) which
is specified in Lemma 4.1 and x2 + xTrqn/q(x) + vx over Fqn in Lemma 4.6.
Lemma 4.1. [48, Theorem 6.1] Assume that A is a finite field and S, S are finite subsets of A with #S = #S
such that the maps λ : A→ S and λ : A→ S are surjective and λ is additive, i.e.,
λ(x+ y) = λ(x) + λ(y), x, y ∈ A.
Let g0 : S → A, and g : A→ A be maps such that
λ ◦ (g + g0 ◦ λ) = g ◦ λ
and λ(g0(λ(x))) = 0 for every x ∈ A. Then the map f(x) = g(x) + g0(λ(x)) permutes A if and only if g
permutes A.
The commutative diagram for the above AGW-PP is as follows.
A
f=g+g0◦λ
//
λ

A
λ

S
g
// S
Let us choose η(x) = L(x) − λ(x) and η(x) = L(x) − λ(x), where L(x) is a linearized PP. Then we
have the following result.
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Theorem 4.2. Let f(x) = g(x) + g0(λ(x)) defined as in Lemma 4.1 permute A and g
−1(x) be the
compositional inverse of g(x) over A. Then the compositional inverse of f(x) is given by
f−1(x) = g−1
(
x− g0(g
−1(λ(x)))
)
.
Proof. Let L(x) be a linearized PP over A and φ, φ be maps defined by
φ : A→ φ(A)
x 7→ (λ(x), L(x) − λ(x)) ,
and
φ : A→ φ(A)
x 7→
(
λ(x), L(x) − λ(x)
)
.
Then φ and φ are bijections, and for (y, z) ∈ φ(A), we have φ−1(y, z) = L−1(y+z), where L−1 denotes
the compositional inverse of L(x). Here is the commutative diagram as stated in Theorem 2.2.
A
f=g+g0◦λ
//
φ=(λ,η)

A
φ=(λ,η)

φ(A)
ψ=(g,τ)
// φ(A)
Next, we find the map ψ such that ψ ◦ φ = φ ◦ f . After direct calculation, we have
φ ◦ f(x) = (g(λ(x)), L (g(x)) + L (g0(λ(x))) − g(λ(x))) . (2)
To compute ψ(y, z) accordingly such that φ¯ ◦ f(x) = ψ ◦ φ(x), we substitute λ(x) and L(x)− λ(x) in Eq.
(2) with y and z respectively. We obtain
ψ(y, z) : φ(A)→ φ(A),
(y, z) 7→
(
g(y), L(g(L−1(y + z))) + L(g0(y))− g(y)
)
.
Clearly ψ is a bijection, since ψ ◦ φ(x) = φ ◦ f(x). Now we compute the compositional inverse of ψ.
Since f permutes A, g permutes A, and we assume that g−1 is the compositional inverse of g. For any
(y, z) ∈ φ(A) with ψ(y, z) = (α, β) ∈ φ(A), we have

g(y) = α,
L(g(L−1(y + z))) + L(g0(y))− g(y) = β.
Clearly,
y = g−1(α).
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Moreover,
L(g(L−1(y + z))) = α+ β − L(g0(y)). (3)
Composing L ◦ g−1 ◦ L−1 on Eq. (3) and simplifying it, we have
z = L
(
g−1
(
L−1(α+ β)− g0(g
−1(α))
))
− g−1(α).
Hence we have
ψ−1 (α, β) =
(
g−1(α), L
(
g−1
(
L−1(α+ β)− g0(g
−1(α))
))
− g−1(α)
)
.
Finally we compute the compositional inverse of f(x). According to Theorem 2.2, together with α = λ(x)
and β = L(x)− λ(x), we obtain the compositional inverse of f(x) is
f−1(x) = φ−1 ◦ ψ−1 ◦ φ(x) = g−1
(
L−1(α+ β)− g0(g
−1(α))
)
= g−1
(
x− g0(g
−1(λ(x)))
)
.
Remark 4.3. Theorem 4.2 is similar to Example 1, if we let h = 1, ψ0 = λ, ψ¯0 = λ¯, ϕ0 = g in Example
1. However, the map g in Lemma 4.1 satisfying λ ◦ (g+ g0 ◦ λ) = g ◦ λ does not need to be additive while
ϕ0 in Example 1 is additive. We emphasize that a new design η(x) = L(x)−λ(x) and η(x) = L(x)−λ(x)
is introduced here to obtain the compositional inverse of g(x) + g0(λ(x)).
In addition, we give a criterion for PPs of the form g(x) + g0(λ(x)) being involutions.
Corollary 4.4. The PP f(x) = g(x) + g0(λ(x)) over A defined as in Lemma 4.1 is an involution if and
only if
(1) g(x) is involutory on A and
(2) ϕ(x) = g
(
x− g0(g(λ(x)))
)
− g(x) − g0(λ(x)) = 0 holds for any x ∈ A.
Proof. It suffices to prove ϕ(x) = 0, since g(x) being involutory is necessary for f(x) being involutory by
Lemma 2.5. Hence g−1(x) = g(x). By Theorem 2.2, we have f−1(x) = g−1
(
x− g0(g
−1(λ(x)))
)
. Then
we have
ϕ(x) = g
(
x− g0(g(λ(x)))
)
− g(x)− g0(λ(x))
= g−1
(
x− g0(g
−1(λ(x)))
)
− g(x) − g0(λ(x))
= f−1(x)− f(x),
for x ∈ A. Thus, f(x) is an involution if and only if ϕ(x) = 0.
Below, we have some explicit involutions.
Corollary 4.5. Let q be an even prime power and λ(g0(λ(x))) = 0 hold for any x ∈ A = Fqn defined as
in Lemma 4.1, with λ = λ being additive. Then the PP f(x) = x+ g0(λ(x)) is an involution on Fqn .
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Example 5. Let q be a power of 2, S = Fq, and g0 be any polynomial such that g0(Fq) ⊆ Fq. Assume
n is an even integer, λ(x) = Trqn/q(x). Thus we have Trqn/q(1) = 0 and Trqn/q(g0(Trqn/q(x))) =
Trqn/q(1)g0(Trqn/q(x)) = 0 hold for any x ∈ A = Fqn . Then f(x) = x+ g0(Trqn/q(x)) is an involution on
Fqn .
A permutation polynomial f(x) ∈ Fq[x] is called a complete permutation polynomial if f(x)+x permutes
Fq as well. In [37, Corollary 4.3], Tuxanidy et al. obtained the compositional inverse of a generalized form
of the complete PP f(x) = x(x+Trqn/q(x)+v) by computing compositional inverses of linearized binomials
permuting the kernel of the trace map. In the following, we derive again the explicit compositional inverse
of f(x) using our approach.
Lemma 4.6. [44, Theorem 1.2] Let q be a power of 2, n be an odd integer and v ∈ Fq \ {0, 1}. Then the
polynomial
f(x) = x(x+Trqn/q(x) + v)
is a complete permutation polynomial over Fqn .
The above complete PP can be illustrated by the following commutative diagram.
Fqn
x(x+Trqn/q(x)+v)
//
Trqn/q(x)

Fqn
Trqn/q(x)

Fq
g(x)=vx
// Fqn.
Before we present the compositional inverse of the above AGW-PP, we give a useful lemma here.
Lemma 4.7. Let T =
{
Trqn/q(t) + t | t ∈ Fqn
}
, where q = 2m, n = 2k+1 and m,k are positive integers.
Then the equation
z2 + (v−1α+ v)z + β = 0, (4)
where v ∈ Fq \ {0, 1}, (α, β) ∈ {
(
Trqn/q(t),Trqn/q(t) + t
)
|t ∈ Fqn}, has a unique solution z = θ ∈ T , and
the solution is:
θ =


β
qn
2 , when α = v2;
(v−1α+ v)
∑m−1
i=0
∑
k
j=1 (α+β)
2iq2j−1
(v−1α+v)2
i+1 , when α 6= v2 and kTrqn
(
α+β
(v−1α+v)2
)
= 0;
v−1α+ v + (v−1α+ v)
∑m−1
i=0
∑
k
j=1 (α+β)
2iq2j−1
(v−1α+v)2
i+1 , when α 6= v2 and kTrqn
(
α+β
(v−1α+v)2
)
= 1.
(5)
Proof. When v−1α+ v = 0, clearly we have θ = β
qn
2 ∈ T is the only one root of z2 + β = 0.
When v−1α+ v 6= 0, we have(
z
v−1α+ v
)2
+
z
v−1α+ v
=
β
(v−1α+ v)2
. (6)
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Since (α, β) ∈ {
(
Trqn/q(t),Trqn/q(t) + t
)
|t ∈ Fqn}, there exists some x0 such that α = Trqn/q(x0) and
β = Trqn/q(x0) + x0 =
∑n−1
j=1 x
qj
0 . Plugging them into Eq. (6), we have(
z
v−1α+ v
)2
+
z
v−1α+ v
=
∑k
j=1 x
q2j−1
0
(v−1α+ v)2
+
∑k
j=1 x
q2j
0
(v−1α+ v)2
=
(∑k
j=1 x
q2j−1
0
(v−1α+ v)2
+
∑k
j=1 x
2q2j−1
0
(v−1α+ v)2
2 + · · ·+
∑k
j=1 x
2m−1q2j−1
0
(v−1α+ v)2
m
)
+
(∑k
j=1 x
2q2j−1
0
(v−1α+ v)2
2 +
∑k
j=1 x
22q2j−1
0
(v−1α+ v)2
3 + · · ·+
∑k
j=1 x
q2j
0
(v−1α+ v)2
m+1
)
=
m−1∑
i=0
∑k
j=1 x
2iq2j−1
0
(v−1α+ v)2
i+1 +
(
m−1∑
i=0
∑k
j=1 x
2iq2j−1
0
(v−1α+ v)2
i+1
)2
.
Thus z0 = (v
−1α+ v)
∑m−1
i=0
∑
k
j=1 x
2iq2j−1
0
(v−1α+v)2
i+1 , z1 = v
−1α+ v + z0 are the solutions of Eq. (4) in Fqn . Before
we determine which solution is in T , we prove
{
Trqn/q(t) + t | t ∈ Fqn
}
=
{
t ∈ Fqn | Trqn/q(t) = 0
}
.
On one hand, since Trqn/q
(
Trqn/q(t) + t
)
= Trqn/q(1)Trqn/q(t) + Trqn/q(t) = 0, clearly we have{
Trqn/q(t) + t | t ∈ Fqn
}
⊆
{
t ∈ Fqn | Trqn/q(t) = 0
}
.
On the other hand, #
{
t ∈ Fqn | Trqn/q(t) = 0
}
= qn−1, where #S denotes the cardinality of a set S. Let
L(x) = Trqn/q(x) + x be a linearized polynomial on Fqn . Since L(x) = 0 if and only if x ∈ Fq, we have
#
{
Trqn/q(t) + t | t ∈ Fqn
}
= qn−1. To sum up,
{
t ∈ Fqn | Trqn/q(t) = 0
}
=
{
Trqn/q(t) + t | t ∈ Fqn
}
= T.
Thus z0 ∈
{
Trqn/q(t) + t | t ∈ Fqn
}
= T if and only if Trqn/q(z0) = 0. That is
0 =(v−1α+ v)
m−1∑
i=0
∑k
j=1Trqn/q
(
x2
iq2j−1
0
)
(v−1α+ v)2
i+1
=(v−1α+ v)
nm−1∑
i=0
kx2
i
0
(v−1α+ v)2
i+1
=(v−1α+ v)Trqn
(
kα+ kβ
(v−1α+ v)2
)
,
which is equivalent to kTrqn
(
α+β
(v−1α+v)2
)
= 0. Similarly, z1 ∈ T if and only if kTrqn
(
α+β
(v−1α+v)2
)
= 1.
Thus, there is only one θ ∈
{
Trqn/q(t) + t | t ∈ Fqn
}
be a root of Eq. (4), and θ is determined as presented
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above.
The compositional inverse of the AGW-PP in Lemma 4.6 is given by the following theorem.
Theorem 4.8. Let q = 2m, n = 2k+1 and v ∈ Fq\{0, 1}, wherem,k are positive integers. The compositional
inverse of f(x) = x2 + xTrqn/q(x) + vx on Fqn is
f−1(x) = v−1Trqn/q(x) + θ(x),
where ξ(x) = v−1Trqn/q(x) + v and
θ(x) =


(
Trqn/q(x) + x
) qn
2 , when ξ(x) = 0;
ξ(x) ·
∑m−1
i=0
∑
k
j=1 x
2iq2j−1
ξ(x)2
i+1 , when ξ(x) 6= 0 and Trqn
(
kx
ξ(x)2
)
= 0;
ξ(x) + ξ(x) ·
∑m−1
i=0
∑k
j=1 x
2iq2j−1
ξ(x)2
i+1 , when ξ(x) 6= 0 and Trqn
(
kx
ξ(x)2
)
= 1.
(7)
Proof. Let φ be a map defined by
φ : Fqn → φ(Fqn),
x 7→ (λ(x), η(x)) =
(
Trqn/q(x),Trqn/q(x) + x
)
.
Then φ is a bijection and for (y, z) ∈ φ(Fqn), φ
−1(y, z) = y + z.
We consider the following commutative diagram:
Fqn
f=x(x+Trqn/q(x)+v)
//
φ=(λ,η)

Fqn
φ=(λ,η)

φ(Fqn)
ψ=(g,τ)
// φ(Fqn).
First we compute the expression of ψ according to ψ ◦φ(x) = φ ◦ f(x). After direct calculation, we have
φ ◦ f(x) =
(
vTrqn/q(x), (Trqn/q(x) + x)(x+ v)
)
. (8)
Substituting Trqn/q(x) and Trqn/q(x) + x in Eq. (8) with y and z respectively, we obtain
ψ(y, z) : φ(Fqn)→ φ(Fqn),
(y, z) 7→ (vy, z(z + y + v)) .
It is clear that ψ is a bijection, since ψ ◦ φ(x) = φ ◦ f(x). Now we compute the compositional inverse
of ψ. For (y, z), (α, β) ∈ φ(Fqn) with ψ(y, z) = (α, β), we have

vy = α,
z(z + y + v) = β.
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Then
y = v−1α.
Moreover,
z(z + v−1α+ v) = β. (9)
When v−1α+ v = 0, we have z = β
qn
2 . Thus
ψ−1 (α, β) =
(
v−1α, β
qn
2
)
.
When v−1α+ v 6= 0, after simplifying Eq. (9) we obtain
z2 + (v−1α+ v)z + β = 0. (10)
According to Lemma 4.7, Eq. (10) have exactly one solution θ for z such that θ ∈
{
Trqn/q(t) + t | t ∈ Fqn
}
and
ψ−1 (α, β) =
(
v−1α, θ
)
,
where θ is defined as in Eq.(5).
Finally we compute the compositional inverse of f(x). Let φ = φ in Theorem 2.2. According to Theorem
2.2, together with the compositional inverses of φ, φ and ψ and α = Trqn/q(x), β = Trqn/q(x) + x, we
obtain the compositional inverse of f(x) is
f−1(x) = φ−1 ◦ ψ−1 ◦ φ(x) = v−1α+ θ(x) = v−1Trqn/q(x) + θ(x),
where θ(x) is defined as in Eq.(7).
In addition, we give a criterion for PPs of the form x2 + xTrqn/q(x) + vx being involutions.
Corollary 4.9. The PP f(x) = x2 + xTrqn/q(x) + vx over Fqn defined as in Lemma 4.6 is an involution if
and only if v = 1 and
ϕ(x) = (1 + x)Trqn/q(x) + x
2 + x+ θ(x) = 0
for x ∈ Fqn , where θ(x) is defined as in Eq.(7).
Proof. Since g(x) = vx being involutory is necessary for f(x) being involutory by Lemma 2.5, we obtain
v = 1 from g(g(x)) = x. Plugging it and f−1(x) = v−1Trqn/q(x) + θ(x) by Theorem 2.2 into ϕ(x), we
have
ϕ(x) = (1 + x)Trqn/q(x) + x
2 + x+ θ(x)
= v−1Trqn/q(x) + θ(x) + xTrqn/q(x) + x
2 + vx
= f−1(x) + f(x),
for x ∈ Fqn . Thus, f(x) is an involution if and only if v = 1 and ϕ(x) = 0.
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5. COMPOSITIONAL INVERSES OF AGW-PPS IN THE COMBINATORIAL CASE
In this section, we use our method to study AGW-PPs in the combinatorial case and obtain the compo-
sitional inverses of xh(B(x)) in Lemma 5.1 and x+ γG(F (x)) in Lemma 5.6 as examples.
Lemma 5.1. [2, Theorem 6.3] Let q be any power of the prime number p, let n be any positive integer,
and let S be any subset of Fqn containing 0. Let h, k ∈ Fqn be any polynomials such that h(0) 6= 0 and
k(0) = 0, and let B ∈ Fqn [x] be any polynomial satisfying
(1) h(B(Fqn)) ⊆ S; and
(2) B(aα) = k(a) ·B(α) for all a ∈ S and all α ∈ Fqn .
Then the polynomial f(x) = xh(B(x)) is a permutation polynomial for Fqn if and only if fˆ(x) = xk(h(x))
induces a permutation of B(Fqn).
The above AGW-PPs can be illustrated by the following commutative diagram.
Fqn
f=xh(B(x))
//
B

Fqn
B

B(Fqn)
fˆ=xk(h(x))
// B(Fqn).
Using our unified approach, we choose η(x) = x−B(x) such that φ(x) = (B(x), x−B(x)) is bijective
and thus obtain the compositional inverses in the following theorem.
Theorem 5.2. Let f(x) = xh(B(x)) defined as in Lemma 5.1 permute Fqn and fˆ
−1(x) be the compositional
inverse of fˆ(x) = xk(h(x)). Then the compositional inverse of f(x) is given by
f−1(x) =
x−B(x) + k
(
h
(
fˆ−1 (B(x))
))
fˆ−1 (B(x))
h
(
fˆ−1 (B(x))
) .
Proof. Let η(x) = x−B(x) and φ be a map defined by
φ : Fqn → φ(Fqn),
x 7→ (B(x), x−B(x)) .
Then φ is a bijection and for (y, z) ∈ φ(Fqn), φ
−1(y, z) = y+z. Let us consider the following commutative
diagram.
Fqn
f=xh(B(x))
//
φ=(B,η)

Fqn
φ=(B,η)

φ(Fqn)
ψ=(fˆ ,τ)
// φ(Fqn)
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First we determine the expression of ψ according to φ ◦ f(x) = ψ ◦ φ(x). After direct computation, we
have
φ ◦ f(x) = (B(x)k(h(B(x))), xh(B(x)) − k(h(B(x)))B(x)) . (11)
Substituting B(x) and x−B(x) in Eq. (11) with y and z respectively, we obtain
ψ(y, z) : φ(Fqn)→ φ(Fqn),
(y, z) 7→ (yk(h(y)), (y + z)h(y) − k(h(y))y) .
Since f(x) = xh(B(x)) permutes Fqn , ψ and fˆ(x) = xk(h(x)) are both bijective. Let fˆ
−1 denote the
compositional inverse of fˆ(y) = yk(h(y)) over B(Fqn). In the following, we compute the compositional
inverse of ψ. Let (y, z), (α, β) ∈ φ(Fqn), satisfy ψ(y, z) = (α, β), i.e.,

yk(h(y)) = α,
(y + z)h(y) − k(h(y))y = β.
(12)
Then, we have
y = fˆ−1(α).
Moreover, for z, we firstly explain h(y) 6= 0 for any y ∈ B(Fqn). Assume that there exists some y0 ∈ B(Fqn)
such that h(y0) = 0. We have fˆ(y0) = y0k(h(y0)) = 0 and fˆ(0) = 0. Since fˆ(y) is bijective, we have
y0 = 0, which is conflict with h(0) 6= 0. Thus h(y) 6= 0 for any y ∈ B(Fqn). Then, from Eq.(12) we obtain
z =
β + k (h (y)) y
h (y)
− y.
Hence, we have
ψ−1 (α, β) =

fˆ−1(α), β + k
(
h
(
fˆ−1(α)
))
fˆ−1(α)
h
(
fˆ−1(α)
) − fˆ−1(α)

 .
Finally, we compute the compositional inverse of f(x). From Theorem 2.2, together with the compositional
inverses of φ,ψ and α = B(x), β = x−B(x), the compositional inverse of f(x) is
f−1(x) = φ−1 ◦ ψ−1 ◦ φ(x)
= fˆ−1(α) +
β + k
(
h
(
fˆ−1(α)
))
fˆ−1(α)
h
(
fˆ−1(α)
) − fˆ−1(α)
=
x−B(x) + k
(
h
(
fˆ−1 (B(x))
))
fˆ−1 (B(x))
h
(
fˆ−1 (B(x))
) .
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A special case of Theorem 5.2 with k(x) = x2 and S = Fp (see [29, Proposition 12]) is following:
Corollary 5.3. Let B(x) be either λ2(x) =
∑
0≤i<j≤n−1
xp
i+pj or T2(x) = Trpn(x
2). Let h(x) ∈ Fp[x] such
that h(0) 6= 0. If the polynomial g(x) = x(h(x))2 permutes Fp, then the polynomial f(x) = xh(B(x))
permutes Fpn , and the compositional inverse of f(x) is given by
f−1(x) =
x−B(x) +
(
h
(
fˆ−1 (B(x))
))2
fˆ−1 (B(x))
h
(
fˆ−1 (B(x))
) .
In addition, we propose a criterion for PPs of the form xh(B(x)) being involutions, and give some
involutory constructions.
Corollary 5.4. Let f(x) = xh(B(x)), fˆ(x) = xk(h(x)) and h, k,B defined as in Lemma 5.1. Let θ(x) =
k(h(x)) for any x ∈ Fqn . Then f is an involution over Fqn if and only if
(1) θ (θ(y)y) θ(y) = 1 holds for any y ∈ B(F∗qn), and
(2) ϕ(x) = h
(
fˆ(B(x))
)
h(B(x))− 1 = 0 holds for any x ∈ F∗qn .
Proof. Since f(0) = 0, we only need to consider the nonzero situation. By simplifying fˆ(fˆ(y)) = y, we have
θ (θ(y)y) θ(y) = k (h (k(h(y))y)) k(h(y)) = 1 for y ∈ B(F∗qn). It suffices to prove ϕ(x) = 0, since fˆ(x)
being involutory is necessary for f(x) being involutory by Lemma 2.5. Plugging k (h (k(h(y))y)) k(h(y)) =
1 for y ∈ B(F∗qn), fˆ
−1(x) = fˆ(x) and f−1(x) =
x−B(x)+(h(fˆ−1(B(x))))
2
fˆ−1(B(x))
h(fˆ−1(B(x)))
by Theorem 2.2 into ϕ(x),
we have
xϕ(x) = h (k(h(B(x)))B(x)) xh(B(x)) − x
= h (k(h(B(x)))B(x)) xh(B(x)) − x+B(x)−B(x)k (h (k(h(B(x)))B(x))) k(h(B(x)))
= h
(
fˆ (B(x))
)
xh(B(x))− x+B(x)− k
(
h
(
fˆ (B(x))
))
fˆ (B(x))
= h
(
fˆ (B(x))
)xh(B(x)) − x−B(x) + k
(
h
(
fˆ−1 (B(x))
))
fˆ−1 (B(x))
h
(
fˆ−1 (B(x))
)


= h
(
fˆ (B(x))
) (
f(x)− f−1(x)
)
,
for x ∈ F∗qn . Thus, f(x) is an involution if and only if ϕ(x) = 0.
Corollary 5.5. Let q be any power of the prime number p, let n be any positive integer, and let S be any
subset of Fqn containing 0. Let S
∗ = S \ {0}. Assume a ∈ Fqn and v be an integer such that a
v+1 = 1 and
xv
2−1 = 1 for any x ∈ S∗. Assume B ∈ Fqn[x] is any polynomial satisfying
(1) B(0) = 0, B(F∗qn) ⊆ S
∗; and
(2) B(bα) = abv−1 ·B(α) for all b ∈ S∗ and all α ∈ Fqn .
Then the polynomial f(x) = xB(x) is an involution over Fqn if and only if aB(x)
v+1 = 1 for x ∈ F∗q . In
addition, a2 = 1 is a necessary condition for f being involutory.
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In particular, if q is even, f(x) = xB(x) in Corollary 5.5 is an involution on Fqn if and only if B(x)
v+1 = 1
for any x ∈ F∗q and a = 1.
Below, we obtain explicitly the compositional inverse of a PP containing a b-linear translator. For S ⊂
Fq, γ, b ∈ Fq and a map F : Fq → Fq, γ is called a b-linear translator [2, 5, 18] of F with respect to S if
F (x+ uγ) = F (x) + ub for all x ∈ Fq and u ∈ S.
Lemma 5.6. [2, Theorem 6.4] Let S ⊆ Fq and F : Fq → S be a surjective map. Let γ ∈ Fq be a b-linear
translator with respect to S for the map F . Then for any G ∈ Fq[x] which maps S into S, we have that
f(x) = x+ γG(F (x)) is a permutation polynomial of Fq if and only if g(x) = x+ bG(x) permutes S.
It can be illustrated by the following commutative diagram.
Fq
f
//
F

Fq
F

F (Fq)
g
// F (Fq).
Below, we describe our approach to obtain the compositional inverses of PPs f(x) = x+γG(F (x)). The
fundamental idea of our approach is the following commutative diagram, where we design η = x − F (x)
such that φ = (F (x), x − F (x)) is bijective, see Theorem 5.7.
Fq
f
//
φ=(F,η)

Fq
φ=(F,η)

φ(Fq)
ψ=(g,τ)
// φ(Fq).
We obtain the compositional inverses in the following theorem:
Theorem 5.7. Let f(x) = x + γG(F (x)) defined as in Lemma 5.6 be a PP on Fq and g
−1(x) be the
compositional inverse of g(x) = x+ bG(x). Then the compositional inverse of f(x) is given by
f−1(x) = (b− γ)G
(
g−1(F (x))
)
+ g−1(F (x)) − F (x) + x.
Proof. Using the same notation and assumptions of Lemma 5.6, let φ be a map defined by
φ : Fqn → φ(Fqn),
x 7→ (F (x), x − F (x)) .
Then ψ is a bijection and for (y, z) ∈ φ(Fqn), ψ
−1(y, z) = y + z.
Next, we determine the expression of ψ according to φ ◦ f(x) = ψ ◦ φ(x). After direct computation, we
have
φ ◦ f(x) = (F (x) + bG(F (x)), x − F (x) + (γ − b)G(F (x))) . (13)
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Substituting F (x) and x− F (x) in Eq. (13) with y and z respectively, we obtain
ψ(y, z) : φ(Fqn)→ φ(Fqn),
(y, z) 7→ (y + bG(y), z + (γ − b)G(y)) .
Since f(x) = x + γG(F (x)) is a PP on Fq, ψ and g(x) = x + bG(x) are both bijective. We assume
that g−1 denotes the compositional inverse of g(x) = x+ bG(x) over S. In the following, we compute the
compositional inverse of ψ. Let (y, z), (α, β) ∈ φ(Fqn), satisfy ψ(y, z) = (α, β), i.e.,

y + bG(y) = α,
z + (γ − b)G(y) = β.
We have
y = g−1(α).
Moreover,
z = β + (b− γ)G
(
g−1(α)
)
.
Hence, we obtain
ψ−1 (α, β) =
(
g−1(α), β + (b− γ)G
(
g−1(α)
))
.
Finally, we compute the compositional inverse of f(x). From Theorem 2.2, together with the compositional
inverses of φ,ψ and α = F (x), β = x− F (x), the compositional inverse of f(x) is
f−1(x) = φ−1 ◦ ψ−1 ◦ φ(x)
= g−1(α) + β + (b− γ)G
(
g−1(α)
)
= (b− γ)G
(
g−1(F (x))
)
+ g−1(F (x))− F (x) + x.
Note that [36, Theorem 1.2] requires its ψ to be additive. However, we focus more on F (x) such that it
has a b-linear translator with respect to S, especially the case when F (x) is not addictive and even F (0) 6= 0.
Specifically, when F (x) = Trqn/q(x) or G is a q-polynomial, Theorem 5.7 is consistent with [36, Corollary
1.6].
A special case of Theorem 5.7 with G(x) = x (see [2, Corollary 6.5]) is the following corollary:
Corollary 5.8. [18, Theorem 3] If b 6= −1, then the compositional inverse of the permutation x + γF (x)
on Fq is
−γ
b+1F (x) + x.
Furthermore, we propose a criterion for PPs of the form x+ γG(F (x)) being involutions, and give some
involutory constructions.
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Corollary 5.9. Then the PP f(x) = x+ γG(F (x)) over Fq defined as in Lemma 5.6 is an involution if and
only if
(1) bG(y) + bG(y + bG(y)) = 0, for y ∈ F (Fq) and
(2) ϕ(x) = γG(F (x)) + γG (F (x) + bG(F (x))) = 0 holds for any x ∈ Fq.
Proof. By simplifying g(g(y)) = y, we have bG(y) + bG(y + bG(y)) = 0 for y ∈ F (Fq), where g(x) =
x + bG(x) is defined as in Lemma 5.6. It suffices to prove ϕ(x) = 0, since g(x) being involutory is
necessary for f(x) being involutory by Lemma 2.5. Plugging bG(y) + bG(y + bG(y)) = 0 for y ∈ F (Fq),
g−1(x) = g(x) and f−1(x) = (b− γ)G
(
g−1(F (x))
)
+ g−1(F (x))− F (x) + x by Theorem 2.2 into ϕ(x),
we have
ϕ(x) = γG (F (x) + bG(F (x))) + γG(F (x))
= −(b− γ)G (F (x) + bG(F (x))) − F (x)− bG(F (x)) + F (x) + γG(F (x))
= −(b− γ)G (g(F (x))) − g(F (x)) + F (x) + γG(F (x))
= −(b− γ)G
(
g−1(F (x))
)
− g−1(F (x)) + F (x)− x+ x+ γG(F (x))
= −f−1(x) + f(x),
for x ∈ Fq. Thus, f(x) is an involution if and only if ϕ(x) = 0.
When we consider 0-linear translater in a finite field of even characteristic, the following explicit involution
can be obtained easily.
Corollary 5.10. Let q be a power of 2. Assume S ⊆ Fq and F : Fq → S is a surjective map. Let γ ∈ Fq
be a 0-linear translator with respect to S for the map F . Then for any G ∈ Fq[x] which maps S into S,
we have that f(x) = x+ γG(F (x)) is an involution on Fq.
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